GIRRAWEEN HIGH SCHOOL
TASK 12019 (December 2018)

VIATHEMATICS
EXTENSION 2

Complex Numbers

Time allowed — 90 Minutes
DIRECTIONS TO CANDIDATES
e Attempt all questions.
e For Questions 1 -5, shade the circle for the letter corresponding to the correct answer on
your answer sheet.
e For Questions 6-11, start each gquestion on a new page. Each question should be clearly
labelled.
s All necessary working must be shown for Questions 11— 15,
e Marks may be deducted for careless or badly arranged work.
» Board approved calculators may be used.
o A Mathematics reference sheet is provided.
s All diagrams are NOT TO SCALE.

e The use of the notation cis® is acceptable in this examination.
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Question 3
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Question 4

Multiplying by a complex number rotates the result 3;— CLOCKWISE about the origin. The

complex number I multiplied by could be

A 1-iv3 B V3-i c 1+iV3 D V3+i
@) — B © = )~
Question 5
When expressed in modulus/argument form to the nearest degree, —4 — i =
(A) V17 (cos14° + isin14°) (B) V17 (cos166° + isin166°)

(C) V17 (cos—166° + isin—166°)(D) V17 (cos—14° + isin—14°)
Question 6 (16 marks — show all workings in your answer booklet) Marks
(a) (1) By realising the denominator, find the value .... in Cartesian form. 2

(ii) By converting both v/3 — i and 1 + i to modulus/ argument form, express 5

the value of in modulus/argument form.

(1ii) Hence use your answers to (i) and (ii) to find the exact value of cos % 1

(b) (i) By letting (x + iy)* = 24 — 10i x, y real, find V24 — 10i in Cartesian form. 3
(ii) Hence solve z? + (1 + i)z — 6 + 3i = 0. 2
(¢) Find all five fifth roots of 16 — 16iv/3. Leave your answers in 3

modulus/argument form.

Examination continues on the following page



Question 7 (8 marks — show all workings in your answer booklet) Marks

(a) Sketch these loci on separate Argand diagrams if z = x + iy

()|lz+3—4i]=5 2
_ ) 21

(il Arg (z+ 3~ i) =3 2

(b) Shade the region in the complex plane where 4

T T
|z —1—i] SSandZ <Argz£5

Question 8 (9 marks — show all workings in your answer booklet)
If z = cos© + isinD
(i) Use DeMoivre’s theorem to show that z™ — z™" = 2isin n@. 2

(ii) Hence express sin°0 in the form Asin5@ + Bsin36 + Csin®. 3

o,

(iii) By substituting © = ;575 and using sin30 = 3sin® — 4s5in6 show
that sin-’s1£ is a root of the equation 16x* — 20x? + 5 = 0 and find

T .
the exact value of sin e (You may leave your answer under a square root sign).

Examination continues on the following page



Question 9 (10 Marks — show all workings in your answer booklet) Marks

(a) In the diagram below, 04 = z where [z] = 2 and 0 < Arg z < —;E .

2%y
A
. o
5 0 2
-2 ¢

Copy the diagram in to your answer booklet and draw on it the

complex number

(i) OB so that 0B = 7 1
(i1) OC so that OC = iz 1
(iii) OD so that 0D = z(cos(—2) + isin(—1)) 1
(iv)ﬁsothatO_E':z-{-Z 1
(V)aﬁsothatﬁzz-[—i 1

Question 9 continues on the following page



Question 9 (continued) Marks
(b) In the Argand diagram below, A, B and C are the vertices
of a triangle. D and E are the midpoints of AC and BC respectively.

A

O

If the complex number 04 = a, the complex number OB=b

and OC = c,
(i) Find expressions for DC and EC in terms of a,b and c. 2
(ii) HENCE show that AB = 2 x DE. 3

Question 10 (10 Marks — show all workings in your answer booklet)
(a) Find the locus of z in terms of x and y if z = x + iy and

z—21

(i) Fia is entirely real. 3
(i) |z-7-6i] 3
|[z+5+3i]
(You do not need to draw diagrams for either question in Part (a))
z—7-2i i
(b) The locus Arg {z+1-2i} = 3 represents part of a circle. 4

Draw this circle part on an Argand diagram and find its centre, radius

and equation.

Examination continues on the following page



Question 11 (15 Marks — show all workings in your answer booklet) Marks

(a)(i) Solve 27 — 1 = 0. 2
If w is the root of z° — 1 = 0 with the smallest positive argument

(i) Show that w + w2 + w3 + w* + wS + wé + w7 + w8 = ~1 1
(You do NOT need to prove that w?,w3etc. are the other nonreal roots of z° — 1 = 0)
(iii) Show that w8 = % 1
(iv)Showthatw+w2+W3+W"’+i+i2+m1~§+ém——1 1

woow w w
{v) Show that cos%ﬂ + cos %ﬁ = cosg- 2

(You may assume that cisn® + cis(—n8) = 2cosnO).

(b) (i) Resolve z° — 1 into real linear and quadratic factors. Hence show that 4
6 . .3 5 2n 5 47 ) s

20+ z°+ 1= (24~ chos—é—-%- 1(z° - chos-(sm-{- 1(ze + chos§+ 1)

(i1} Hence show that 2

2c0s30 + 1 = (2cos0 — 2cos 2?H)(Zcose — 2cos il;)E)(Zcose + 2cos g)

(iit) Hence by an appropriate substitution for 6, show that 2

T 2 41T 1
cOS— CO§ =~ (CO8S— = —.
g 9 9 8

END OF EXAMINATION!!!
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